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Abstract. The vibrational properties of crystalline Na+ &alumina (Na1.22AlllO~7.11) have been 
smdied using the molecular dynamics simulation technique. The vibrational density of states 
was calculated from the velocity autocorrelation function, and the infrared spectmm from the 
dipole-dipole autocorrelation function. Knowledge of the vibrations in different crystallographic 
directions for the different atomic species facilitates the assignment of specrral peaks. The 
sodium in-plane vibrations are 59, 88 and 112 cm-I, and the out-of-plane vibrations are 
146 cm-l. The stoichiometric compound is also smdied, and in this case the sodium in-plane 
vibrations are at 80 cm-l and the out-of-plane vibrations at 140 cm-'. The density of states 
is used to calculate thermodynamic properties: heat capacity, entropy and internal and free 
energy. The values obtained at 300 K are C, = 410 J K-I mol-', S, = 300 J K-' mol-', 
U = 370 W m0l-l and F = 280 !d mol-'. The heat capacity and entropy values are in 
goad agreement with expwiment, and thus strongly support the empirical force field used in the 
simulation. 

1. Introduction 

The ,%alumina family of compounds has been studied extensively during the last 25 years. 
The exceptionally high ionic conductivity of Na+ ,!-alumina (d = 1.4 x IO-' C2-l .cm-' 
at 300 K) was first noted by Yao and Kummer in 1967 [I], and it has since played a 
significant role as solid electrolyte in the development of the NdS battery. The material 
comprises a rigid layered framework of aluminium 'oxide (spinel blocks), interleaved and 
separated by two-dimensional layers containing a hexagonal mangement of bridging oxygen 
ions (0(5)),  together with the mobile cations: Na+, Ag+, Li+, etc (see figure l(u)). It is 
within these layers that the two-dimensional fast-ion conduction can occur. In this work, 
we focus on non-stoichiomehic Na+ ,!-alumina with composition NaI+xA111017+xj2, where 
x = 0.22.. The Na+ ions are known to occupy two sites (see, for example, 121): - 60% 
in so-called BR sites, and - 40% between aBR and mO.sites (figure l(6)). The charge- 
compensating oxygens CO:-) occupy m0 sites bonded to A13+ ions displaced towards 
0;- from their normal sites near the edge of the spinel block. The structure h e  the 
hexagonal space group P63/mmc with room-temperature lattice parameters U = 5.56 A and 
c = 22.56 A. The molecular dynamics (MD) simulation technique was applied to obtain the 
vibrational density of states (Dos), which, in turn, is used to calculate various thermodynamic 
quantities. The infrared (IR) spechum was also calculated and compared with experiment 
[10-12].~ Assignments are made of modes in different crysfallographic directions, and 
the contributions to each mode from the different ionic species are ascertained. A 
complementary calculation of the stoichiometric (x  = 0) &alumina made it possible to 
investigate the frequency shift of sodium ions due to the interstitial oxygen CO:-). A 
number of thermodynamic properties have been calculated in the case x = 0.22. 
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F i p  1. The “re of Na+ /7-alumina showing the spinel blocks interleaved by two- 
dimensional canduction planes (a), and a schematic representation of the sites in the conduction 
planes (b). 

2. Molecular dynamics simulation 

MD is a well established computer simulation technique used earlier to study the dynamics 
of the p/@”-alumina systems [3,4,17,20] (see also the article by Sangster and Dixon [21] 
for a more thorough review of MD than presented here). In the method, it is assumed that 
atomic motion can be treated by classical dynamics. The ions interact through appropriate 
potential functions, and their trajectories &e obtained by the numerical solution of the 
coupled Newton’s equations of motion of all particles. Here, the total energy E, the number 
N of particles and the volume V are fixed corresponding to the microcanonical ensemble 
of statistical mechanics. The interaction potential Sj(r)  between two ions i and j was 
assumed to have the Bom-Mayer-Huggins form: 

(1) 

The first term represents the long-range coulombic interaction; the second a repulsive short- 
range interaction; the third term is the weak van der Waal interaction. The Aij, pij and Cij 
parameters were derived by empirical fitting by Walker and Catlow [5] to reproduce bulk 

Sj(i-1 = qiqj/rij + ~ i j  exp(-rij/p;j) - ci j /r$.  
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crystal properties such as elastic and dielecrric constants for A120a, and to predict correctly 
the lattice parameter of NazO. The MD program used in this study is a local modification 
of their program FUNGUS [lg]. The q parameters are the full ionic charges (i.e. 1.3, +1, 
-2 for AI, Na, 0, respectively), and rij is the distance between ions i and ’ j .  Periodic 
boundary conditions are imposed to simulate an infinite system. The long-range coulombic 
interactions are evaluated by the Ewald summation procedure [6]. The simulation box 
comprised 3a x 36 x IC unit cells involving 308 0’-, 198 AI3+ and 22 Na+ ions, and 
in the stoichiometric case, 306 0’-, 198 A13+ and 18 Naf. The time-step used in the 
simulation is 2.5 fs. To attain the desired temperature (300 K), the system was equilibrated 
for 2000 time-steps (scaling every 100 steps); the simulation? thenran for 40 000 time-steps, 
corresponding to a simulation time of -100 ps. Both dipole moments and velocities were 
stored throughout for subsequent analysis. 

3. Calculation of vibrational properties 

According to linear response theory, spectral properties can be obtained from the appropriate 
autocorrelation functions [7]. The vibrational (DOS) spectrum is taken to be the Fourier 
transform of the velocity autocorrelation function: 

where V ( t )  is the velocity of an atom and the velocity autocorrelation function (VACF) is 
assumed to be real; p(u) IS normalized according to 

(3) 

where N is the total number of particles in the simulation box: 

N = NN,+ NAI f N O .  (4) 

The IR absorption lineshape function r ( u )  is obtained from  the^ dipole moment 
autocorrelation function of the system 171 by 

63 

I(u) M u( l  - e-Bh”) (,ii(0),Li(t))e-’Z””‘ dt (5) 1, 
where ?(t) is the dipole moment of the system along the direction of the electric field of 
the incident radiation. 

Velocities (for each ionic species) and the total dipole moment of the simulation box were 
calculated every 10 fs during the simulation, and then used to construct their autocorrelation 
functions; Fourier transformation gives the DOS and lR speck,  respectively. For the 
calculation of the DOS, we used 22 Na+ (all), 20 0’- in the planes (all), and 20 0’- and 
20 AI3’ (well distributed) in the spinel blocks. All ions were included in the calculation of 
the IR spectra. 

t All runs were made on a fc (ELSA i486DX2-66 MHzj operating under Interactive Unix version 3.2 (Sunsoft) with 
five i860 processors (Microwayj; peak performance: 285 MRops. 
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4. Calculation of thermodynamic properties 

The calculated DOS at 300 K is used to derive a number of thermodynamic quantities. The 
phonon heat capacity for harmonic oscillators is given by [SI 

where ks  is Boltzmann's constant, w,, is the highest frequency recorded in the p(u) 
spectrum (i.e. DOS), h is Planck's constant and T the temperature. To compare with 
experimental heat capacities (usually obtained at constant pressure), we have derived C, 
from the theoretical C, by the relation 

where U is the volume of the system, f i  the coefficient of volume expansion, and KT the 
isothermal compressibility. These parameters were taken from experimental data [13,14]. 
The entropy S is calculated from 

where the index i is replaced by U or p depending on whether constant volume (U) or 
constant pressure ( p )  is considered. 

The expression for the internal energy U is 

The Helmholtz free energy F is given by 

F ( T )  = U(T) - TS(T). 

The standard way to calculate heat capacity in an MD simulation is to use the expression 
obtained by Lebowitz et a1 [9], which is valid for a classical system: 

We can note that (11) only applies at rather high temperatures (especially for p-alumina), 
and that it is also necessary to perform several MD simulations at different temperatures, and 
recalculate the kinetic energy variations in evaluating C,(T). This is not so for (6), since 
the DOS is assumed not to vary significantly with temperature (harmonic approximation), 
i.e., one simulation at a given temperature is sufficient to obtain C, at virtually any other 
temperature. 

A number of approximations are made in our calculations. The DOS is obtained from an 
MD procedure, which is reasonable provided that a good set of potentials is used. Harmonic 
quantum oscillators are assumed; this is an appropriate approximation for temperatures as 
low as 300 K. The simulation box should be chosen as large as possible to provide the 
appropriate degrees of freedom. The statistics could be improved by using longer MD runs; 
and not all ions are included in the calculation of the DOS. 
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5. Results and discussion 

5.1. Molecular dynamics 

The trajectories within the lower conduction plane during 5000 time-steps of MD simulation 
at 300 K are shown in figure 2. The oxygen ions are seen to vibrate around their equilibrium 
sites. The sodium ions are much more mobile, although significant diffusion is not observed 
at room temperature dunng this small time window, i.e. 12.5 ps. It is interesting to note 
that most of the Na+ ions are located near the BR sites, and only one is at an aBR site. 
The clearest examples of occupation of a site between the aBR and m 0  sites are the two 
sodiums located in the same cell as the interstitial oxygen (0;-). The two column oxygens 
(O(5)) adjacent to 0;- are somewhat displaced in the a direction due to the repulsion they 
experience from the interstitial oxygen. These results are all in qualitative agreement with 
the x-ray diffraction results of Edstrijm et al [Z]. 

~~ 

z=1/4 T=300K 

Figure 2. The trajectories of both sodium and column oxygen (06)) ions in the Naf fl-alumina 
conduction plane (z = 4) during 50OO~time-steps at 300 K. The interstitial oxygen is situated at 
the m0 site (indicated ns 01). See figure l(b) to associate mjectories with specific ions.~ 

5.2. Vibrational properties 

We shall here concentrate on Vibrational frequencies only; intensities can be difficult 
to compare with experiment, since they are sensitive to the experimental conditions 
(stoichiometry, sample preparation, thermal history, water content, etc). In an ivm 
simulation, we treat an ideal material usually containing perfect ions interacting through 
a model potential. It will be shown, nevertheless, that agreement between simulation and 
experiment is surprisingly good. 
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The far-IR spectra (5)  for the stoichiometric and non-stoichiometric cases are plotted in 
figure 3 for both the a(2 b) and c directions. The total spectra in figure 3(a, 6) can be 
directly compared with figure 6(b, c) in the paper of Colomban era1 [lo]. In the a direction, 
we can compare our figure 3(a) and ( b )  with figure 5(c) and figure 3(a) respectively, in the 
paper of Hayes and Holden [ 111. Let us first concentrate on the non-stoichiometric case and 
the total spectrum (Itot = In + Ib + IC). Below 200 cm-', essentially six bands appear at 59, 
88, 115, 146, 162 and 192 cm-I. Colomban e t d  report experimental bands at 60 (Elu), 
100 (Frenkel defect) and 166 (Az.) and an unidentified band around 220 cm-l in an IR 
spectrum at 300 K, although they worked with a slightly different composition (x  = 0.25). 
Figure 3(a) clearly shows that the peaks seen at 59 and 88 cm-l correspond to in-plane 
vibrations, and those at 146, 162 and 192 cm-' to out-of-plane vibrations, whereas that 
at 115 cm-' is a mixed band. The IR spectra in the a direction below 200 cm-I exhibit 
four peaks at 59, 88, 112 and 175 cm-'. Hayes and Holden [ll] observe peaks at 59 
and 86 cm-I, and some low-intensity peaks at 93, 102, 137 and 178 cm-', in an IR study 
on nearly stoichiometric ,&alumina with E I c. Comparing the 1~ (Irot) results for the 
stoichiometric and non-stoichiometric Na+ ,&alumina cases below 200 cm-I (figure 3(u, 
b)), we find a narrowing of the bands into only two rather well defined bands for x = 0, with 
almost equal intensities at around 80 and 140 cm-'. Colomban etal [lo] find frequencies 
at 60 and 126 cm-I. In figure 3(a) of Hayes and Holden [Ill, we see a band around 60 but 
none around 126 cm-' since they use polarized light (see above). Lucazeau [12] (table 1) 
claims that the band at 100 cm-I ( x  = 0.25) is an out-of-plane oscillation of the Naf ions. 
Figure 3(a) indicates that this is partly true, but that there is a much larger contribution 
from the a direction. Further, the study by Colomban et a1 of the x = 0.6 compound 
[lo] assigns the peaks at both 60 and 87 cm-' to in-plane oscillations. For the x = 0.25 
compound, they assign the peak at 60 cm-' to in-plane vibrations, but their assignment of 
the 100 cm-' band is less clear. They claim that it arises from modes associated with the 
interstitial oxygens and the aluminium ions (Frenkel defect), using the argument that the 
band is not observed for the x = 0 compound. 

Table 1. A summary of IR spectral band assignments at room temperature (for the non- 
stoichiometiic case) ma& on the basis of our MD simulations. 

Freauencv (cm-') vibrational directions Dominant atomic contributions 

59 in plane Na 
88 in plane Na 

115 in and out of plane AI, Os. Na 
146 out of plane N2l 
162 out of plane Na, AI 
I 92 out of plane AI, Os 
217 in plane AI, os 
246 in plane Al. Os 

In fact, the broad band between 60 and 130 cm-' seen in figure 3(a) transforms to a well 
defined peak at around 80 cm-' in figure 3(b) (x  = 0). However, there might be another 
reason: there is a considerable temperature dependence, as studied by Hayes and Holden 
[Ill. They report peaks at 86, 93 and 102 cm-I, corresponding to in-plane vibrations; all 
decrease with increasing temperature and are hardly observed at 300 K. They proposed that 
Na+ vacate regions associated with 0;- at higher temperatures. However, if this were true, 
it is difficult to understand why the peaks were observed at all in the x = 0 compound 
(see their figure 3(d));  nor do we observe any such 'vacation effect' in our x = 0.22 
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v(cm-') 

v(cm-') 
Figure 3. The calculated far-m intensities, /(U), for Na+ &alumina are plotted for the a(= fi) 
and e crystallographic directions. The total intensity is also plotted. The x = 0.22 compound is 
plotted in (a), and the x = 0 c a ~ e  in (b). Resolution in all plots is 8 cm-'. The points indicate 
calculated values. 

simulation. Room temperature (in our calculations) is clearly insufficient to induce such an 
effect around O:-. By comparing the a directions in the IR spectrum (figure 3(b)) and the 
DOS in figure 4(c) we find frequencies in the DOS at around 100 cm not seen in figure 3(b). 
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Figure4. Thed~"latedconvibutionstothedensityofstates(D0s)in Na+ p-alumina(x = 0.22) 
from different ion species and directions, in (a) the a direction, (b)  the c direction and (c) the 
a and e direction for Na+ only, in the case of x = 0. Resolution in all plots is 8 cm-'. The 
points indicate dculated values. 0, denotes oxygen in the conduction planes, and Os oxygen 
in the spinel blocks. 
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We feel that the anomalous temperature effect can instead be attributed to a change in 
the symmetry of the modes, rendering the IR transitions forbidden at higher temperatures. 
Colomban et a1 [lo] have measured the Raman spectra for the .x = 0 compound at 300 K, 
and they do observe an intense band at 100 cm-I. 

The contributions to the DOS (2) from different ion types in both the a and c directions 
are given in figure 4(a, b). The in-plane frequency modes below 100 cm-I are clearly 
dominated by Na+ ions (figure 4(a)), while figure 4(b) suggests that the out-of-plane band 
above 100 cm-' is due to the motion of both Na+ and to some extent also spinel block 
modes. Our band assignments below 250 cm-I, made on the basis of figures 3(a) and 
4(a, b), are given in table 1. The contributions to the DOS (2) from the Na+ ions alone for 
the stoichiometric compound, i.e. x = 0, in both the a and c duections are displayed in 
figure 4(c). A comparison of the Na+ in-plane oscillations in figures 4(a) and ( c )  shows 
that the main difference is that the band in the 100-200 cm-' range disappears in the 
x = 0 compound (in agreement with the experimental findings of Hayes and Holden Ill]), 
whereas the band in the out-of-plane direction between 100 and 150 cm-' (figures 4(b) and 
(c))  remains essentially unchanged. 

The IR frequency range above 300 cm-', i.e. the modes dominated by spinel block 
vibrations, is analysed in figure 5. In the absence of experimental data (with polarized 
radiation), we shall not discuss these higher-frequency modes in any detail. However, it 
is interesting to note that the bands at about 380 and 700 cm-' are due to modes in the 
ab plane, whereas those near 800 cm-' are due to modes in the c direction. The band at 
500 cm-' is mixed. 

300 400 500 600 700 800 900 1 
v(cm-') 

Figure 5. The IR intensity, I ( " ) ,  calculated for Na+ fl-alurmna in the range 300-1000 cm-l 
for different crystallographic direct". Resoluhon in all plots is 8 cm-l. 

The vibrational DOS for different ions and for different directions is plotted in 
figure 6(a, b) up to 1500 cm-I. The total DOS used in the calculation of thermodynamic 
quantities is also given in figure 6(c). 



1328 S Edvardsson et a1 
0.7 1 

0.8 I 

v(cm.') 
Figure 6. The conhibution to the density of states (DOS) for Na+ fl-alumina calculated for 
different ion species in the a direction (a) and in the c direction (b). The total DOS used for 
thermodynamic wlculations is also plotted (c).  Resolution in all plots is 8 cm-'. 0, denotes 
oxygen in the conduction planes, and 0, oxygen in the spinel blocks. 
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positions (Ewald summation included). This procedure is valid only at low temperatures 
(here, room temperature) when both 'relaxation' effects and Na+ migration can be neglected. 
The low-temperature region (up to 0.1 eV) was fitted to a harmonic potential. It is not 
meaningful to make this fit above 0.1 eV since at these temperatures (z 600 K), the potential 
1s clearly anharmonic. The fit resulted in approximate force constants k. = 10 N m-' (in 
agreement with appendix 2 in 151: 11.5 N m-I) and k, = 46 N m-I in the a and c directions, 
respectively. Applying these rough estimates of the force constants to the theory of harmonic 
cubic crystals (equations (7.7.37(u, b) and (7.8.1) of [18]), we can compare the VACF from 
this approximation (figure 7(a)) with that calculated from the MD simulation for Naf ions 
alone (figure 7(b)). It is seen that the main features (peak positions and relative heights) 
are rather similar. The harmonic approximation is not crucial, however, in calculating heat 
capacity since the system contains only 22 Na+ out of a total of 528 ions, although it can 
be important at higher temperatures in the low-frequency region (Na+ vibrations) of the 
DOS; note for example how the DOS changes with increasing temperature in [4]. Within the 
harmonic approximation, the DOS should be constant with temperature. Finally, the closely 
harmonic behaviour of the solid justifies the use of the quantum mechanical expression 
given in (6). 

x x x - ~ ~ b & - - - - - -  

&4 I 

- C" - - -  c, 
X X ~  exp. 

1200 1600 2000 
Temperature (K) 

Figure 8. The heat capacity C,, and C, of Na+ ,&alumina calculated at constant pressure and 
consmt volume, respectively. Experimental values for Alz03 taken from 1151 are also given. 

The heat capacity calculated at constant volume from (6) is plotted in figure 8; the heat 
capacity at constant pressure calculated from (7) is also given. The compressibility for Na+ 
&alumina was assumed to be the same as that for A1203 and taken as KT = 3.1 (Pa)-'  
[14]. Experimental measurements of C, for Na+ p-alumina have been made at temperatures 
below 300 K [15]. The values are very similar to the values for A1203 [16], which are also 
measured above 300 K. The experimental values in figure 8 are thus taken for AI203 (units 
are given per 'average particle'). The value of the heat capacity at 300 K, for example, is 
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Figure 9. The entropy S, and S, of Na+ &alumina calculated at wnstant pressure and at 
constant volume, respectively. Experimental values for A1203 mken from [IS] are also given. 

found to be 13.9 J mol-' K-' . It is interesting that a calculation of the heat capacity for 
the Nat alone results in a value only slightly smaller than the classical result ( 3 N k ~ ) .  The 
Na+ ions thus behave classically, which is expected since the force constants are small. 

The entropies calculated from (8) as a function of temperature are displayed in figure 9, 
together with the experimental points for A1203 [16], while the corresponding internal 
energy and Helmholtz free energy calculated from (9) and (10) are given in figure 10. 

40 . 

x 

0 c -20 . 

40 . 

U! 

0 4M) 800 1'200 1600 2oM) 
Temperature (K) 

Figure 10. The intemal energy U and Helmholtz free energy F calculated for Na+ ~-alumina. 
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Both figures 8 and 9 show a small systematic discrepancy between experimental and 
calculated values. This is believed to mainly be due to the following factors. (i) The 
harmonic approximation is less valid for higher temperatures. (ii) The experimental values 
above 300 K are plotted for AI203 (not fi-alumina). (iii) There are uncertainties in the 
experimental parameters of (7). 

6. Conclusions 

Our calculated bands at 59.88 and 146 cm-' confirm the findings of both Hayes and Holden 
[I]] and Colomban et al [IO] that their peaks at 59 and - 100 cm-' are due to in-plane 
Nai oscillations; and that the peak of Colomban et al at 166 cm-I is due to out-of-plane 
Na+ oscillations. In-plane Na+ oscillations perturbed by the extra Ali-Oi-Ali bridges are 
found both above and below 80 cm-' . In the stoichiometric case, the in-plane frequency is 
found at 80 cm-', and the out-of-plane at 140 cm-'. Agreement between experiment and 
thermodynamic calculations i s  demonstrated. The heat capacity at 300 K, for example, is 
found to be 13.9 J mol-' K-l.  Above all, this work shows that MD can be a useful tool for 
interpreting experimental vibrational spectra for structurally complex materials. 
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